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Sclireier decomposition of loops 

Peter T. Nagy * 


Abstract 

The aims of this paper are to find algebraic characterizations of 
Schreier loops and explore the limits of the non-associative general¬ 
ization of the theory of Schreier extensions. A loop can have Schreier 
decomposition with respect to a normal subgroup if and only if the 
subgroup is the middle and right nuclear. In this case the conjugation 
by elements of the loop induces inner automorphisms on the normal 
subgroup if and only if the subgroup commutes with a suitable left 
transversal through the identity. Schreier loops which are Schreier 
extensions of the same loop by the same normal subgroups are char¬ 
acterized. 


1 Introduction 

A loop L is an extension of the loop N by the loop iC if N is a normal 
subloop of L and K is isomorphic to the factor loop L/N. Extension theory 
deals with the classification of all possible extensions of N by and stud¬ 
ies their properties. The related problems in group theory are completely 
solved by Schreier theory of group extensions, cf. [S], [TU], [1], Chapter XII, 
§48-49, pp. 121-131. But for loops A. A. Albert and R. H. Bruck proved in 
1944 that construction of loop extensions of N by X has much more degrees 
of freedom, namely the multiplication function between different cosets N 
of N can be prescribed arbitrarily. An interesting class of loop extensions 
of groups by loops is introduced in [5], where the multiplication of the ex¬ 
tended loop is determined by an analogous formula as in the Schreier theory 
of groups. This paper contains characterizations and constructions of exam¬ 
ples for interesting subclasses of such loops; these loops are called Schreier 
loops. In recent papers [6] and [7] a non-associative extension theory of 
Schreier type is investigated in a broader context, namely there are given 
characterizations of right nuclear automorphism-free extensions of groups by 
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quasigroups with right identity element. As a consequence of these results, 
it turns out that the extension of a normal subgroup by the factor loop is 
isomorphic to an automorphism-free Schreier loop if and only if the normal 
subgroup is right and middle nuclear and there exists a left transversal to 
the normal subgroup (through the identity element of the loop) which com¬ 
mutes with this subgroup. 

The aims of this paper are to find algebraic characterizations of Schreier 
loops and to examine the limits of the non-associative generalization of 
Schreier theory of extensions. In §2 we give the necessary definitions and 
formulate the basic constructions. §3 is devoted to the discussion of the 
interrelation between nuclear properties of normal subgroups in a loop and 
the corresponding Schreier extensions. Particularly, we show that for any 
Schreier extension this normal subgroup is the middle and right nuclear 
but in the general case it is not left nuclear. In §4 we introduce the no¬ 
tion of Schreier decomposition and show that a Schreier decomposition of 
a loop L is uniquely determined by a middle and right nuclear normal sub¬ 
group G, an isomorphism of a loop K to the factor loop L/G and by a left 
transversal to G through the identity element. §5 is devoted to the study 
of automorphisms of middle and right nuclear normal subgroups of a loop 
induced by middle inner mappings by loop elements. All of these maps are 
inner automorphisms if and ony if there exists a left transversal through 
the identity element to the subgroup commuting with this subgroup. In 
§6 we investigate different properties of Schreier decompositions of a loop. 
We give characterizations of loops having automorphism-free, respectively 
factor-free Schreier decompositions. §7 is devoted to the study of Schreier 
loops which are Schreier decompositions of the same loop with respect to 
the same normal subgroup. 

2 Preliminaries 

A quasigroup L is a set with a binary operation {x,y) ^ x ■ y such that for 
each X € L the left and the right translations : y i—)• XxV = xy : L ^ L, 
respectively Px '■ y PxU = yx : L ^ L are bijective maps. We define the 
left and right division operations on L by (x, y) x\y = respectively 

(x,y) !->■ x/y = pf^x for all x,y ^ L. A quasigroup L is a loop if it has a 
identity element e G L. The right inner mappings of a loop L are the maps 
PyxPxPy ■■ L ^ L, x,y e L. 

We will reduce the use of parentheses by the following convention: juxta¬ 
position will denote multiplication, the operations \ and / are less binding 
than juxtaposition, and • is less binding than \ and /. For instance the 
expression xy/u ■ v\w is a short form oi {{x ■ y)/u) ■ {v\w). 

The subgroups 

Mi{L) = {u € L; ux ■ y = u ■ xy, x,y € L}, 
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Mr{L) = {u € L] xy ■ u = X ■ yu, x,y € L}, 

J\fm{L) = {n G L; xu ■ y = x ■ uy, x,y G L} 

of a loop L are called the left, right, respectively middle nucleus of L, the 
intersection M{L) = Mi{L) r\ Mr{L) r\ Mm^L) is the nucleus. A subgroup 
G C -L is (left, right, respectively middle) nuclear, if it is contained in the 
(left, right, respectively middle) nucleus of L. The commutant of a subloop 
K C L is the subset Cl{K) = {u G L] u ■ x = x ■ u, x G L}. 

A loop L satisfies the left, respectively the right inverse property if there 
exists a bijection x i-)- x~^ : L ^ L such that x~^ ■ xy = y, respectively 
yx ■ x~^ = y holds for all x,y G L. The left alternative, respectively right 
alternative property of L is defined by the identity x-xy = x‘^y, respectively 
yx ■ X = yx‘^, L is flexible ii x ■ yx = xy ■ x for all x,y G L. A loop L is 
called left, respectively right Bol loop, if it satisfies the identity (x • yx)z = 
x{y ■ xz), respectively z{xy ■ x) = {zx ■ y)x for all x,y,z G L. Any left 
(respectively right) Bol loop has the left (respectively right) alternative and 
inverse properties. 

A subloop is a normal subloop of L if it is the kernel of a homomorphism 
of L. The factor loop L/N is the loop induced on the set of left cosets of a 
normal subloop N. A set S C L of representatives of left cosets of a subloop 
in L with e G S is a left transversal of L/N. A loop L is an extension of 
a loop A^ by a loop A if A^ is a normal subloop of L and K is isomorphic to 
the factor loop L/N. An extension L of Ai by A is {left, right, respectively 
middle) nuclear, if A is a {left, right, respectively middle) nuclear subgroup 
of L. 

3 Schreier loops 

3.1 Bruck extension 

In 1944 A. A. Albert initiated in [T], (Theorem 6, pp. 406-407) and R. H. 
Bruck thoroughly investigated a general construction for loop extensions of 
loops by a loops in the papers [2], (Theorem 10 B, pp. 166-168) and [3], (pp. 
778-779). This can be described as follows. 

Let A and N be loops with identity elements e G A and e G N, and let 
{V „,/3 -.NxN^N- a,flGK} 

be a family of quasigroup multiplications on N such that the equations 
X = X and x^a,e e = X are fulfilled for any a G K and x G N. The 
multiplication 

{a, a) o {fl, b) = {afl, aSI a^j^b), a, fl G K, a,b G N, 

of the pairs {a,a), {/3,b) G K x N determines a loop L^ on K x N with 
identity (e,e). Clearly, L'^ is an extension of the normal subloop N = 
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{(e, a); a € A^} by the loop K, where N is isomorphic to N. 

In the following we will discuss nuclear properties of normal subgroups of 
loops and the corresponding extensions of groups by loops. The following 
lemma allows us to consider a family of extensions such that the normal 
subgroup G = {{e, a); a £ G} is right nuclear but not middle or left nuclear. 

Lemma 1 Let G be a group with identity e £ G, K a loop with identity 
e £ K and let tpa ■ G ^ G be bijective maps depending on a £ K satisfying 
ifaG) — ® a £ K and -i/'e = Id. The multiplication 

{a, a) o (/3, b) = (q;/3, 'ilj/ 3 {a)b), a, f3 £ K, a,b £ G, 

determines a loop on K x G with identity (e, e). 

(i) The subgroup G is right nuclear. 

(a) G is middle nuclear if and only if ij^cr '■ G ^ G is an automorphism of 
G for any a £ K. 

(in) G is left nuclear if and only if the map a ip„ is a homomorphism 
from K into the permutation group of G. 

Proof. The assertions (i) and (ii) can be obtained by direct computation, 
(hi) is equivalent to the identity ipj^{ipa{x)a) = ipai 3 {x)ipi 3 {a), a, (3 £ K, 
X, a £ G. Putting a = e the assertion follows. ■ 

3.2 Schreier extension 

In the following we consider a special case of Bruck’s extension process, 
assuming that the extended multiplication has an analogous expression as 
in Schreier theory of group extensions (cf. [5]). 

Let G be a group with identity e £ G, K a loop with identity e £ K and 
let Aut(G) denote the automorphism group of G. If cj i-)- ©o- is a mapping 
K —>■ Aut(G) with ©e = Id and f : K x K ^ G is a function satisfying 
/(e, cr) = /(u, e) = e for all cr € A' then the multiplication 

(r,t) o (cr,s) = (rcr,/(r,cr)©^(t)s), T,a £ K, t,s£G, (1) 

together with the divisions 

{p,r)/{a,s) = {p/a,e-^ (/(p/u, , 

{a,s)\{p,r) = (^a\p,ef^p{s)f{a,a\p)-^r^ 

define on the set KxG a loop which will be denoted by £(©, /). The identity 
of G(©, /) is (e, e) and G = {(e, t); t € G} is a normal subgroup of G(©, /). 
The maps defined by (e, t) !->■ t : G —>■ G and r (r, e)G : K —>■ G(©, /)/G 
are isomorphisms. Clearly, G(©,/) is an extension of the group G by the 
loop K. 
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Definition 2 The loop £.(&, f) determined by the multiplication (QP is called 
a Schreier loop. £(©,/) is automorphism-free if Qa = Id for all a G K, 
respectively factor-free if f{a,T) = e for all a,T G K. 

C{Q, f) is a group if and only if ET is a group and the identities 

CT,TGK, (2) 

where ig : N ^ N is the inner automorphism is{t) = sts~^, s,t G G and 

f{(^,rp)~^f{aT,p)ep{f{a,T))f{T,p)~^ = e, a,T,pGK (3) 

are satisfied, (cf. [1], §48). 

Lemma 3 For any Schreier loop C{Q,f) the subgroup G = {(e,t); t G G} 
satisfies: 

(^i) G is middle and right nuclear, 

( ii) G is nuclear if and only if the identity (0) is satisfied, 

(^iii) if C{Q,f) has left inverse, left alternative of flexible property, then G 
is nuclear. 

Proof. The assertions follow from Proposition 3.2, and Propositions 3.7, 
3.8 and 3.10 in [5]. ■ 

Corollary 4 The subgroup G of an automorphism-free Schreier loop T(Id, /) 
is not left nuclear if there is a value of the function f which is not contained 
in the center of G. 

Hence there are many examples of Schreier loops such that the subgroup 
G C £(0, f) is middle and right nuclear, but not nuclear. 

4 Schreier decomposition 

Lemma 5 Let L be a loop extension of the group G by the loop K and let 
£(0, /) be a Schreier loop defined on K x G. If the map T : £(0, f) ^ L is 
an isomorphism satisfying IF{e,t) = t for any t G G, then the induced map 

a ^ F{a,e)G : K ^ L/G 

is an isomorphism, too. 

Proof. Since the map a [a, e)G : K —>■ L/G is an isomorphism the im¬ 
age of the coset {a, e)G is the coset {F ((cr, e)(e, s)) , s G G} = {F{a, e)s, s G 
G} and the assertion follows. ■ 

We notice that the isomorphism F : £(0,/) —>■ L satisfies F{e,t) = t for 
any t G G if and only if F is an extension of the isomorphism X : G ^ G 
defined by X(e, t) = t. 
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Definition 6 Let K and L be loops, G a normal subgroup of L and C{&, f) 
a Schreier loop defined on KxG. A Schreier decomposition of L with respect 
to its normal subgroup G is an isomorphism T : £(©,/) L satisfying 
J-{e,t) = t for any t ^ G. The underlying isomorphism of the Schreier 
decomposition F is the map a F{a, e)G ■. K ^ L/G. 

The following lemma shows that by investigation of Schreier decompositions 
of L with respect to its normal subgroup G the middle and right nuclear 
property of G is a reasonable assumption. 

Lemma 7 If a loop L has a Schreier decomposition with respect to the sub¬ 
group G, then G is middle and right nuclear. 

Proof. Let F : T(0, /) —> L be a Schreier decomposition of L with respect 
to G. According to Lemma [3] (i), the subgroup G of £(0, /) is middle and 
right nuclear. Since F preserves this property the assertion follows. ■ 

Lemma 8 For any Schreier loop C{&,f) defined on K x G there exists an 
extension L of G by K and an isomorphism F : C{Q,f) —)■ L which is a 
Schreier decomposition of L with respect to G. 

Proof. We replace in K x G the elements (e, t) € G hy the corresponding 
elements X(e, t) = t € G and define a loop L on the set [{K x G)\G) U G 
in such a way, that the map I : G ^ G together with the identity map on 
{K X G)\G give an isomorphism F : T(0, /) —> L. Then F : C{Q, f) ^ L 
is a Schreier decomposition of L with respect to G. ■ 

Left transversals to G in L 

Lemma 9 If G is a middle and right nuclear normal subgroup of the loop 
L then the maps Tx\g '■ G ^ G, induced by the middle inner mappings 
Tx = pf^Xx, X £ L, are automorphisms of G. 

Proof. If TT : L —L/G is the canonical homomorphism then 

7r(T3;(t)) = 7r(x)7r(t)/7r(x) = e, x £ L, t £ G, 

and hence T^jIg is a bijection G ^ G. Using Txit) & Afm{L) and t £ Nr{L) 
the assertion follows from T 3 ;(s)T 3 ;(t) • x = T 3 ;(s) ■ xt = x ■ st for any x £ 
L, s,t £ G. ■ 

Definition 10 (k, S) is a data pair for a normal subgroup G of L, if 
(^i) K is an isomorphism of a loop K onto the loop L/G, 

(^ii) S is a left transversal of L/G. 
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Let {k, S) be a data pair for the normal subgroup G of L and let I : K ^ L 
be the map defined by the relation G = 'ED k(cj). 

Definition 11 The Schreier loop £(0,/) determined by the functions 

0o- = T;“^|g and f{cr,T) = l„r\lalT, (t,t e K (4) 

is called the Schreier loop corresponding to the data pair (k, S). 

Theorem 12 Let (k, S) be a data pair for a middle and right nuclear nor¬ 
mal subgroup G of L and let C{Q,f) be the corresponding Schreier loop. 
Then the map F : T(0, f) ^ L defined by F{a, s) = Gs is a Schreier decom¬ 
position of L with respect to G with underlying isomorphism k : K ^ L/G. 
Conversely, if F : /l{Q,f) L is a Schreier decomposition of L with respect 
to G then G is middle and right nuclear. The isomorphism F has the form 
F{a,.s) = Gs, where I : K ^ L is defined by G = F{a,e). Moreover the 
functions 0 and f satisfy equations &■ 

Proof. Let /l{Q,f) be the Schreier loop corresponding to (k, S). The 
value /(cr,r) is contained in G for all a,T € G, since t^{ 1 (jt\ 1 ( 71 t) = Any 
element x € L can be uniquely decomposed as a product x = Gs with 
la £ T, s € G. The bijective map F : K x G ^ L defined by F{a, s) = Gs 
satishes F{e,t) = t for any t G G. Since s,t G G are middle and right 
nuclear elements, we have 

F{a, s)F{t, t) = laS ■ Irt = laislr ' t) = GG ' ‘ t) = ‘ &t(s) t (5) 

for any a,T G K, s,t G G. Moreover, the product Qr{s)t G G is right 
nuclear, hence 

IJt ■ Qr{s) t = Gt ■ 0r(s) t) = Gt ' fi^T, t) 0r(s) t. (6) 

We obtain from ([5]) and (j6|) that 

F{a, s)F{t, t) = Gt ■ f{(^, t) Qr{s) t = Flax, f{a, r) 0r (s) t). 

This means that F : K xG ^ L Is an isomorphism C{Q, f) L. Moreover, 
F{a, e)F{e, t) = G t, hence F{a, e)G = K{a). Consequently F : C{Q, f) ^ L 
is a Schreier decomposition of L and k is the underlying isomorphism. 
Conversely, let F : C{Q,f) —>■ L be a Schreier decomposition of L with 
respect to G. According to Lemma [7] the subgroup G is middle and right 
nuclear. The set S = {G = F{a,e)] a G K} is a left transversal of L/G and 
F{a, s) = Gs for any a G K and s G G. One has 

((T,e)\(e,t)((T,e) = (u, e)\((T, 0(f)) = (e,0(f)) for any a gK, tG G, 

and 


(uT, e)\(cr, e)(r, e) = (ur, e)\(crr, /(cr, r)) = (e, /(u, r)) for any a,T G K. 
Using the isomorphism F : L(0, /) ^ L we obtain equations ([1]). ■ 
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Corollary 13 A loop L has a Schreier decomposition with respect to a nor¬ 
mal subgroup G if and only if G is middle and right nuclear. 

Proposition 14 If a loop L satisfies one of the following conditions: 

(i) left inverse property, 

(a) left alternative, 

(Hi) flexible, 

then any middle and right nuclear normal subgroup of L is nuclear. 

Proof. It follows from Theorem [12] that for a middle and right nuclear 
normal subgroup G of L there is a Schreier decomposition T : T(0, f) ^ L 
with respect to G. According to Propositions 3.7, 3.8, respectively 3.10 in [5] 
a Schreier loop C{@,f) having the left inverse, left alternative, respectively 
flexible property, satisfies the condition ([2|). In this case we obtain from 
Proposition 3.2.(i) in [5] that the normal subgroup G = {(e, t); t € G} of 
£(0, /) is nuclear, and hence G is also a nuclear subgroup of L. m 

Now, we give examples for Schreier loops having the right Bol property such 
that the normal subgroup G is middle and right nuclear, but not nuclear. 
These properties can be verified by easy computation. 

Example 15 Let K be a right Bol loop, G a group and H the group gen¬ 
erated by the right inner mappings p~fpa-pT : K ^ K, a,T £ K. Let 
X ■ H ^ G be a homomorphism such that the image x{H) is not contained 
in the center of G. Define the maps f : K x K ^ G and Q : K ^ Aut(G) 
by 

f{r, cr) = xipfaPoPr), T,a £ K, = Id, a £ K, 

and eonsider the corresponding Schreier loop T(Id,/). 

Example 16 Let K and G be groups. Assume that the group K is not 
abelian and denote by K' the commutator subgroup of K. Let (f '. K' ^ G be 
a homomorphism such that the image 4>{K') is not contained in the center 
of G. Define the maps f : K x K ^ G and 0 : A —> Aut(G) by 

f{T,a) = 4>{a~^T~^aT), T,a £ K, 0cr = Id, a £ K, 

and consider the corresponding Schreier loop C{ld,f). 

Example 17 Let K and G be groups with identity e £ K and e £ G, 
respectively. Assume that the group K is not abelian. Let f : K ^ G be a 
homomorphism sueh that the image 4>{K) is not contained in the center of 
G. Define the maps f : K x K ^ G and Q : K ^ Aut(G) by 

f{T, a) = e, a,T £ K, 0^, = : u u4>{a), u£G, a £ K 

ts{t) = sts~^, s,t £ G and eonsider the corresponding Schreier loop C{L^,e). 


5 Automorphisms of G induced by elements of L 

According to Lemma [9] the maps are automorphisms of a middle and 
right nuclear normal subgroup G of a loop L, where x is an arbitrary element 
of L. If r G G then T^Ig is the inner automorphism Lr{t) = rtr~^, r,t € G. 

Lemma 18 If G is a middle and right nuclear normal subgroup of a loop 
L then the automorphisms Tixr\G o.nd 1rx\G with x G L and r £ G can be 
decomposed as 

Txrlc — ® ^ri Trxlc — ir ^ TxIg- 

Proof. Since s and r belong to Afr{L), we have 

T 3 ;r(s) -xr = xr-s = x-ir{s)r = XLr{s) -r = T 3 ;(tj,(s))x-r = T 3 ;((,j,(s))(a:r), 
hence the first assertion is true. Similarly, the second assertion follows from 
Tra('S) ■ rx = rx ■ s = r ■ xs = rT 3 ;(s) • x = tr(Ta:(s))(rx), 
since s G Mr{L) and Ta;(s), r G Mm{L)- ■ 

Corollary 19 If G is middle and right nuclear normal subgroup in L then 
the map T|g : L Aut(G) induces a map 

A : xG T 3 ;Inn(G) : L/G Aut(G)/Inn(G), 

where Inn(G) denotes the group of inner automorphisms of G. 

Theorem 20 For a middle and right nuclear normal subgroup G in L the 
image of the map T|g : L —> Aut(G) consists of inner automorphisms if 
and only if there exists a left transversal Ti of L/G which is contained in the 
commutant Cl{G) ofG. 

Proof. Assume that for any x £ L the map T^jIg is an inner automorphism. 
Let S be a left transversal of LjG and 5 : S —>■ G a map satisfying g{e) = e 
and T^jIg = i-g{x) for any x G S. Clearly, the set {x-g{x)~^] x G S} C Gl{G) 
is a left transversal of L/G. According to Lemma fTHl 

x-g{x)~^\G T^Ig ^g{x)~^ 

and hence S* C Cl{G). Conversely, let S be a left transversal of L/G such 
that T^jIg = Hg for all x G S. Any element of L is a product x • r with 
X £ T,, r £ G and hence Lemma fTHl yields that T^^.j-Ig = Ax\g o ir = i-e. 
Ax.r\G is an inner automorphism of G. ■ 
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Lemma 21 For a middle and right nuclear normal subgroup G in L the 
mapping Tic : L —)• Aut(G) is a homomorphism if and only if G is nuclear. 

Proof. For any s £ G, x,y £ L we have s £ Mr{L), Ty{s) £ Mm{L) and 
hence 

Txy(s) - xy = x ■ Ty{s)y = xTy{s) • y = T3;(Ty(s))x • y. 

It follows that Tie ; L —)• Aut(G) is a homomorphism if and only if for any 
x,y £ L, s £G one has Tj;(Tj^(s))x • y = T^iTy^s)) ■ xy. Since Tj;|g, T^Ig : 
G ^ G are bijective maps, the map T|g : L —)• Aut(G) is a homomorphism 
if and only G is left nuclear. ■ 

It follows from Proposition [T3] the following 

Corollary 22 For a middle and right nuclear normal subgroup G in L the 
map T|g : L Aut(G) is a homomorphism if L satisfies one of the following 
conditions: 

(i) left inverse property, 

(a) left alternative, 

(in) flexible. 

According to Proposition 3.2.(i) in [5] the normal subgroup G of a Schreier 
loop C{&, f) defined on iP x G is nuclear if and only if the maps 0 and / 
satisfy the condition ([2]). Hence we have 

Corollary 23 For a Schreier loop G(0, /) the map T|g : G(0, /) —> Aut(G) 
is a homomorphism if and only if C{Q,f) satisfies the condition 

6 The properties of Schreier decompositions 

Theorem 24 A loop L has an automorphism-free Schreier decomposition 
Old, f) with respect to a middle and right nuclear normal subgroup G if and 
only if one of the following equivalent conditions is fulfilled: 

(A) the image of the map T : L —)• Aut(G) consists of inner automorphisms, 

(B) there exists a left transversal of L/G which is contained in the commu- 
tant Cl{G) of G in L. (Cf. Theorem 4 in IfiH)' 

Proof. Let (k, S) be a data pair for the normal subgroup G of L and 
let I : K ^ L he the map G = T, (1 K{a). The Schreier loop C{Q,f) 
corresponding to the data pair [n, S) is automorphism-free if and only if 
Ti^ = Hg, or equivalently the left transversal S = {/q-; ctSAT} of L/G is 
contained in the commutant Cl{G) of G. Hence we obtain assertion (B). 
The equivalence of conditions (A) and (B) is proved in Theorem [20l ■ 
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Theorem 25 A loop L has a factor-free Schreier decomposition C{Q, e) 
with respect to a middle and right nuclear normal subgroup G if and only if 
L contains a left transversal S of L/G which is a subloop of L isomorphic 
to K. 

Proof. Using the second formnla of (jH) we obtain that the Schreier loop 
defined by (SD is factor-free if and only if the map I : K ^ L satisfies 
lar\GG = e for any a,T & K, and hence the map I : K ^ L is a loop 
homomorphism. It follows that L has a factor-free Schreier decomposition 
if and only if there exists a left transversal S of L/G which is a subloop of 
L. m 

The following assertion shows the alteration of the Schreier decomposition of 
a loop L with respect to a normal subgroup G, if we change the underlying 
isomorphism. 

Proposition 26 Let £(0,/) be a Schreier decomposition of L with respect 
to G with underlying isomorphism k : K ^ L/G and let p, be an automor¬ 
phism of K. The Schreier loop L{Q, f) is a Schreier decomposition of L with 
respect to G with underlying isomorphism no p, : K ^ L/G if the functions 
Q : K ^ Aut(G), /f : K x K ^ G are defined by 

©r = /(<7 ,t) = f{p{a),p{T)). (7) 

Proof. We denote the multiplication of L{Q, f) by 5 and dehne the map 

M. : {a, s) !->■ (//(cr), s) : K x G ^ K x G. 

Since 

s)o[T,t)) = M.{(TT,f{aT) 0r(s) t) = s) o M(t, t), 

the map A4 : L(0, f) —>■ C{Q,f) is an isomorphism inducing the identity 
on the subgroup G. It follows that J- o J\A : L{Q, /) —>■ L is an isomorphism 
extending the isomorphism I: G ^ G. Hence L{Q, f) is a Schreier decom¬ 
position of L with respect to G with underlying isomorphism R : K ^ L/G 
defined by 

R{(t) = T o M{a, e)G, a £ K, 

satisfying R{a) = no p{a). ■ 

Now, we investigate the alteration of the Schreier decomposition of a loop 
L with respect to a normal subgroup G, if we change the left transversal S 
of L/G in the data pair (rt, S) corresponding to the decomposition. 

Theorem 27 The maps Q : K ^ Aut(G) and f : K x K ^ G determined 
by the left transversal T,{1) = {lo-n{a) € K(a), a € K} can be expressed by 

= Vl) ° '^) = n{aT)~^f{a, r)0^(n(c7)) n(r). (8) 


11 


Proof. Let n : iL —)■ G be a function with n(e) = e and consider the left 
transversal 

^(0 = = lan{a) e «:(cr), a e iL} C L. (9) 

We compute the maps ©o- = and f{cr,T) = larX^-rAr) corresponding 
to the left transversal ([Hi). Since n{a) belongs to the right and to the middle 
nucleus, the product G n{a) ■ &a{t) = t ■ n{a) equals to 

t Ifj ■ n{a) = la &a{t) ■ n{a) = la ■ &a{t) n{a) = la n{a) ■ n{a)~^ Qa{t) n{a). 

Hence 

^ ‘'n(a) ° 

Similarly, using that n{a) belongs to the middle and re(r) to the right nu¬ 
cleus, the product 

lar n{aT) ■ f{a, r) = G n{a) ■ Ir nlj) (11) 

can be written as 

la {n{a) ■ Ir n(r)^ = G {n{a) Ir ■ n(r)^ = la (ir ■ 0T(n(cr)) n(r)^ . 

Since Qr{n{cr)) n(T) is a right nuclear element, the expression (fTT|) equals to 
{lair) • &T{n{a)) n^r). Replacing GG = Gt • (n^ar) n{aT)~^ ■ f{a,T)^ and 

using that n{aT) and n(cjr)“^ belong to the middle nucleus, we obtain for 
the expression (fTTI) that 

lar n{aT) ■ f{a, r) = Gr n{aT) ■ {n[aT)~^f{a, r)0^(re(cj)) n(r)^ , 
and hence 

/(cr, r) = n{aT)~^f{a, T)er{n{a)) n{T). (12) 

Using equations (fTOl) and (fT^ we obtain the assertion. ■ 


7 Equivalent extensions 

Let R be a loop, G a group and let C{Q,f), £(©',/') be Schreier loops 
defined on K x G. 

Definition 28 The Schreier loops £(0, /) and CiQ', f) are called equiv¬ 
alent in a wider sense if there exists an extension L of G by K such that 
C{Q,f) and C{Q',f') are Schreier decompositions of L with respect to G. 
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Lemma 29 The Schreier loops C{S,f) and CiQ', f) are equivalent in a 
wider sense if and only if there exists an isomorphism ip : C{@,f) —>■ 
£{@',f') fixing all elements ofGcKxG. 

Proof. Let C{Q,f) and C{Q',f') be Schreier decompositions of a loop L 
with respect to G and let IF : C{Q,f) —> L and F' : f) —>■ L be the 

isomorphisms extending the isomorphism I : G ^ G defined by X(e, t) = t. 
Then the isomorphism F'~^ o F : C{&, f) —>■ T(0', /') fixes all elements of 
G = t £ G}. Conversely, assume that : £{Q,f) — £{Q',f') is 

an isomorphism fixing all elements of G. According to Lemma [8] there is a 
loop L and an isomorphisms F : £{&,f) L extending the isomorphism 
Z : G —> G. Clearly, the isomorphism F o : £{Q', f) L extends the 

isomorphism Z : G —G, hence £{&', f) is also a Schreier decomposition of 
L with respect to G. ■ 

Definition 30 The Schreier loops £{Q,f) and £{Q',f') defined on K x G 
are called equivalent if there exists an extension L of G by K such that 
£{Q,f) and £{&', f) are Schreier decompositions of L with respect to G 
with the same underlying isomorphism k : K ^ L/G. 

Theorem 31 Let £{Q, f) and L{T', /') be Schreier loops defined on K xG. 

(A) Z(r', /') is equivalent to Z(0, /) if and only if there is a function 
n : K ^ G with n(e) = e such that 0' and f are expressed by 

= Vl) ° '^) = n{aT)~^f{a, T)Qr{n{(j)) n(r). 

(B) Z(Z', /') is equivalent in a wider sense to Z(0, /) if and only if there 
is a function n : K ^ G with n(e) = e, and an automorphism G Aut(A'), 
such that 0' and f are expressed by 

®cr = ^no^(a) ° 

and 


/'(Z r) = (n o /x(crr)) V(z(o'): ° ™ ° h-i'r)- 

Proof. For the equivalent Z(0, /) and Z(0^ f') there exists a loop L such 
that £{0, f) and Z(0^ f) are Schreier decompositions of L with respect 
to G with the same underlying isomorphism k : K ^ L/G. Hence the 
assertion (A) follows from Theorem 1271 If L{T',f') is equivalent in a wider 
sense to £{0, /), then according to Proposition[5B]a change of the underlying 
isomorphism K —)• L/G of L(T', f) by an automorphism /r of -A we obtain 
equivalent Schreier loops. Hence assertion (A) implies assertion (B). ■ 
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